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Abstract— For mobile platforms with steerable standard
wheels it is necessary to precisely coordinate rotation and steer-
ing angle of their wheels. Especially for redundantly actuated
platforms the misalignments of a single wheel dir ectly leads
to invalid con� gurations which may cause degraded motion of
the platform and high internal forces. An established approach
to deal with this problem is to represent the current state of
motion in form of the Instantaneous Centre of Motion (ICM)
and to derive a valid trajectory for this point. However, this
representation bears severe numerical drawbacks.

To remedy those numerical problems an alternative ICM
representation based on spherical coordinates is proposed
in this work. Fur thermore, the relations between ICM and
generalized robot velocit ies are addressed. I t is shown, that
one receives a basis of a subspace within the kinematical
constraints' nullspace by decomposing the generalized velocity
vector in spherical coordinates. Finally theproposed ICM-based
control is par ticular ized and simulativeanalyzed w.r.t. theCare-
O-bot 3 demonstrator (Fig. 1).

I . INTRODUCTION

An essential prerequisite for future service robots is a
safe and ef� cient operation amongst humans [1]. Thus a
high degree of mobilit y, � exibilit y and robustness of the
mobile platforms is required. Accordingly a wide variety
of different motion concepts exists ranging from snake-like
approaches over wheeled platforms up to humanoid robot
systems [2], [3]. A very intelli gible introduction can be
found in [4]. Currently wheeled platforms appear to be a
promising compromise between a high degree of � exibilit y
and robustness on the one hand and moderate complexity
on the other hand. Therefore many efforts were taken to
design, build and control a diversity of different wheeled
systems [5], [6]. The approaches range from simple differ-
ential driven platforms and systems with centered or off-
centered orientablewheels to mobile robots that usespecially
designed wheels [7], [8], li ke the Swedish or the orb wheel.
Orientable wheels offer high robustness and comparably
small mechanical complexity on the one hand, on the other
the systems � exibilit y is slightly reduced and the complexity
of the control scheme is increased.

In their seminal work [5] Campion et al. categorized all
wheeled mobile robots by their kinematic properties into � ve
different classes. They expressed all kinematic constraints in
a matrix M . The entirety of all allowed con� gurations of the
mobile platform - all con� gurations that ful� ll the kinematic
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Fig. 1. Mobile Base of Care-O-bot 3 (www.care-o-bot.de)

constraints - is then formed by the nullspaceN [M ] of M .
The dimension of the nullspace ”dimN [M ]” and the rank of
M ”rank[M ]” classify thekinematic propertiesof thesystem.
The corresponding numbers are usually referred to as the
degreeof mobilit y

� m = dimN [M ] = 3 � rank[M ]

and the degreeof steerabilit y

� s = rank[M ].

� m resembles the dimension of the instantaneously accessi-
ble velocity space - also called the differentiable degrees
of freedom [4] - while � s corresponds to the number of
independently steerable wheels. For any mobile platform
with two or more orientable wheels � m equals 1 and � s
equals 2 for any non-degenerated con� guration, i.e. any
con� guration that allows the robot to move. This implies
that a robot with orientable wheels cannot instantaneously
change its driving direction and that all wheels have to be
precisely coordinated.

A basic strategy - given slowly changing set point ve-
locities and a suf� ciently high control frequency - is to
calculate every wheel's steering direction and velocity by
superposition of the set point velocities [9]. However, this
strategy encounters some problems, as the set point values
for thesteering directionsdepend onthe ratiosof thevelocity
components. Thus, especially if the velocity components
are small , already minor changes of these components have
a high impact on the related set point values. A strategy
providing an accurate solution to the problem is to calcu-
late an optimal path within the nullspace of the kinematic
constraints. However, this can become avery complex task,
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especially if the nonlinear character and singularities of the
system are considered.

Besides a wide variety of different, other approaches
[10], [11], an often applied middle course between above
mentioned methods is to calculate the Instantaneous Centre
of Motion (ICM) [12], [13], [14] and derive avalid trajectory
for it. However, this ICM-based representation has some nu-
merical drawbacks, which affect potential control strategies.
A detailed discussion of these problems can be foundin [15],
[16].

This work approaches the problem of wheel coordination
through control of the ICM. It gives a short introduction to
the ICM (section II) and addresses the numerical drawbacks.
Similar to [15] an alternative parameterization of the ICM,
which remedies these problems, is proposed. The basic
idea of this approach is to relocate critical singularities
in non-critical regions of the ICM's parameter-space. It is
shown that, in a conveniently de� ned coordinate system,
the proposed representation is closely related to a spherical
representation of the system's generalized velocities, respec-
tively the twist vector

~t =

0

@
vx

vy

!

1

A .

Furthermore, the transformation equations from the de� ned
ICM space into the robots con� guration space are derived.
Finally, the proposed control scheme is particularized and
analyzed with respect to the control architecture of Care-O-
bot 3.

II . ICM DEFINITION AND NUMERICAL ISSUES

A. De�n ition

There are several corresponding de� nitions for the Instan-
taneous Centre of Motion (ICM). Within this work the ICM
is de� ned as the point in the world coordinate frame, which
instantaneously does not change with respect to the robot,
while the latter is moving. It is the point around which the
robot rotates, the centre of the generalized curve on which
the robot moves at the very moment. For mobile robots with
steered standard wheels it is furthermore the point where all
wheel axis intersect. However, the last statement only holds
if the kinematic constraints are not violated e.g. no slipping
occurs. In the world coordinate frame the ICM position can
be calculated as
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Fig. 2. Applied Coordinate Systems and ICM

in the world frame (Fig. 2). Transformation to the robot
coordinate frame delivers
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for the ICM position, where vr
r ;x , vr

r ;y and ! r
r are the

components of the robot's twist ~t r
r w.r.t the world frame
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expressed in the robot coordinate frame. As we are not
interested in the global behavior of the robot we con� ne
our re� ections on the robot-coordinate frame. Following all
velocities and positions are expressed relative to the robot-
coordinate frame. For a more convenient writing we thus
omit the indicators of the coordinate system and write ~t r

instead of ~t r
r and ~x ICM instead of ~x r

ICM respectively.

B. Numerical Issues

The numerical problems arising while using an ICM-
based representation of the twist ~t are twofold. The � rst
problem is that the transformation f ICM(~t r ) from the vector
representation of the twist ~t r into the ICM representation
(1),(2) is not injective. Thus, information is lost and the
ICM cannot be transformed back directly. The second, more
severe problem is the singularity arising when ! r becomes
zero (Fig. 3).The right-side limit then becomes

lim
! r ! 0+

f ICM(~t r ) ! + 1

while the left-side limit is

lim
! r ! 0�

f ICM(~t r ) ! �1

and thusarenot equal (Fig. 4(a)). This singularity however, is
introduced only by the chosen parameterization and does not
have any physical meaning. It occurs in a frequently traversed
region of the parameter space and thus hinders controller
design.
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Fig. 3. Example for an arbitrary trajectory of robot and ICM

III . ICM IN SPHERICAL COORDINATES

The following representation adapts the formulation of the
ICM addressing singularity by relocation and consering all
available information. Before introducing the new parameter-
ization for the ICM a coordinate system with the basis vx , vy

and ! � dm ax is de� ned to represent the robot's motion. The
constant factor dm ax is introduced to render the rotational
velocity the same dimension as the translational velocities.
Accordingly the robot twist ~t r is rede� ned to

~t �
r =

0

@
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! r � dm ax

1

A .

A. Conserving all available Information

Transforming the Cartesian representation (2) of the ICM
into polar coordinates
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replacing j! r j with ! r , removing ! r from the � ICM term
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and accepting the peculiarity that the distance r ICM may take
negative values, allows to regain the signs of all velocity
components. To recover also the absolute values of the
components of the twist ~t � the absolute translational velocity
vabs =

�
v2

r ;x + v2
r ;y

� � 1
2 can be used. However, to achieve

a convenient formulation with respect to the above de� ned
three-dimensional coordinate system the term ! r � dmax is
added:

v�
abs :=

q
v2

r ;x + v2
r ;y + (! r � dmax)

2 (5)

B. Relocating the Singularities

The above derived equations do not tackle the problem of
the in� nity points of the ICM. To tackle that problem a new
parameter

� ICM := arctan
�

dmax

r ICM

�
(6)

is de� ned. Calculating the inverse to r ICM corresponds to a
re� ection over the unit circle. This relocates �1 -regions
(Fig. 4(a)) to the origin. The region around the origin
(Fig. 4) is vice versa relocated at in� nity. The calculation
of the arctan resembles a projection of the in� nite plane
on a spherical surface. Thus, the mentioned singularities
are eliminated. Only if the absolute velocity is close to
zero small � uctuations in ! r will cause signi� cant jumps
(Fig. 4(c)). However, in contrast to the former representation
the parameters now stay bounded.

C. Correlation to andRelevancy for the Velocity-Space

By de� ning the new parameter ' ICM by adding �
2 to the

� ICM-term in Equation (4) and byrenaming v�
t ot in (5) as � ICM

we get:
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q

v2
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as the resulting parameterization of the ICM. This formula-
tion is identical to the representation of the twist vector ~t� in
spherical coordinates. Thus, the backwards transformation

vr ;x = � ICM � cos(� ICM) � cos(' ICM) (10)

vr ;y = � ICM � cos(� ICM) � sin(' ICM) (11)

! r � dm ax = � ICM � sin(� ICM) (12)

is directly given by the standard transformation between
spherical and Cartesian coordinates. As the transformations
applied on (4) conserve neighborhood relations, any con-
tinuous trajectory in the spherical representation transforms
into a continuous trajectory in the originating, planar ICM
space. This means, that the above de� ned threedimensional
ICM space also represents a subspaceof the nullspaceN [M ]
of the kinematic constraints. As the parameterization of the
above de� ned ICM is identical with the representation of
the twist vector ~t � in spherical coordinates, any continuous
change in the spherical coordinates of ~t � represents a valid
trajectory within the nullspace of the robot's kinematical
constraints. Descriptively this implies that a valid trajectory
within N [M ] can always be found byindependently control-
ing thespherical coordinatesof the twist ~t � . It has to benoted
however, that this representation does not account for other
system immanent singularities or other boundary conditions,
e.g. restrictions on the steering rates. Thus, a valid control
strategy has to consider these additional implications.
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